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0= f (%) = f(z); and so, by induction, f(-zif-;) =(-1)"f(z) Vn e N.

Suppose f is continuous at 0. Since -2-;'3— -0, f 2%) —~ f(0) = 0. Hence

(=1)" f(z) = 0, and so f(z) = 0. We have just shown that if f(z)+ f(2z) =
0V z € R and f is continuous at 0, then f is identically 0 on R. For
a noncontinuous example, first note that f(2%z) = (-1)" f(z)V n € N,

VzeR. Let f(1) =1, let f(2*) = f (%) =(-1)"f(1) = (-1)"VneN,

and let f(z) = 0 for all other z in R. Then f(z) + f(2z) =0V z € R, and

f is not continuous at 0.
One last comment. In our opinion Exercise 4.5.12 is hard; we there-

fore suggest discretion (evaluate the sophistication of your students) before
assigning this exercise.

4.1 Continuous Functions

l.ILetc € R, let & >0, and let § = ¢. For z € R with [z - ¢| < §,

by Corollary 2.1, |f(z) - f(c)| = ||z| —|¢]] £ |z = ¢] < § = e. There-
fore, f is continuous at c. Since ¢ is an arbitrary element of R, f is

continuous on R.
2. Let ¢ # 0. To show: f is continuous at c. First note that for z s 0,

170 = 11 = [E- 2 = a1y > 9, hen 1100 - 10 <

2o 2l ete>0andlet s=min{1d 2 Letzem
P 2 272
with |z —-¢| < 6. Then || — |z| < |z —¢] < § < ';‘, and so |z| >
2|z — ¢ 2_625

lef— ” HTherefore,lf(a:) f<),<___<c2'§ 7 =&

and so fis contmuous at c.’
[Alternatively, one could first show that f is continuous on (0, 00)
by an argument similar to that given above. Noting that g(z) =
— is continuous on (—ooc,0), then f o g is continuous on (~o0,0) by
Proposition 4.3. Since f = —(f o g) on (—~0c0,0), f is continuous on
(—o0,0) by Proposition 4.2.]

3. fis continuous at ¢ # 0 by Propositions 4.2 and 4.3 and Exercise 2. For
instance, sin o is the composition of two continuous functions when
z # 0. Toshow: f is continuous at 0. Let € > 0 and let § = ¢. Let
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z € R with |z| = |z — 0] < 8. For z # 0, | f(z) — f(0)] =

Iz| sin%l < |z| < 6 = ¢&; of course, [f(0) — f(0)] = 0 < &. Therefore, f
is continuous at 0.

4. For f(c) < h, let e = h — f(c) > 0. Since f is continuous at ¢, by
Definition 4.1, there is a neighborhood U of ¢ such that z € UND =
f(z) € (f(c) — ¢, f(c) +¢). Hence, z e UND = f(z) < f(c) +e=h.
For f(c) > h, let e = f(c) — h > 0. As above, 3 a neighborhood U of
csuchthat z€e UND = f(z) > f(c) —e=h.

5. Let € = 1. Since f is continuous at ¢, 3 a neighborhood U of ¢ such
that z € UND = | f(z) — f(c)| < 1. By Corollary 2.1, | f(z)] - |f(c)| £
|f(z) - f(c)|. Hence, z € UND = |f(z)| < 1+|f(c)|, and so f is
bounded on U N D by 1+ |f(c)].

6. By Proposition 4.1, g is the composition of two continuous functions;
hence g is continuous on D by Proposition 4.3.

7. For n € NU{0} and real numbers ag, ay, - . . , @n, 2 polynomial f is given
by f(z) = ag + a1z +az® +- - - + anz™. Proposition 4.2 implies that f
is continuous on R. For instance, z¥ is the product of the continuous
function g(z) = z with itself k times.

8. A rational functi_dn f is given by f(z) = %;E—g— where p and ¢ are poly-

nomials. By Exercise 7, p and ¢ are both continuous on R. Proposition
4.2 then implies that f is continuous at z if g(z) # 0. Since the poly-
nomial g has only a finite number of real roots, f is discontinuous only
at a finite set of real numbers, possibly the empty set.

9. Wehave f,g : D — R with f and g both continuous at ¢ € D. To show:
fg is continuous at c. For z € D,

|F(z)g(z) ~ f(c)g(e)] < 1f(z)g(z) — F(@)g(e)] + |f(z)g(c) = f(e)g(e)l

|f(z)] lg(=) - g()] + lg(e)l | f (=) — fle)] . (1)

By Exercise 5, f is bounded on a neighborhood of ¢ intersect D. So 3
M >0and §; >0suchthat z € Dand |z —¢| < & = |f(z)] £ M.

Let € > 0. Since g is continuouse at ¢, 3 6 > 0 such that z € D and
|z — ¢ < 62 = [g(z) — g{c)| < oI since f is continuous at ¢, 363 > 0
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such that € D and |z —d| < 65 = |f(z) - f(c)| < 2_(1{7&(7)5'

(g(c) could be 0, so we added the 1.) Let § = min{6;,82,83} > O.
Then z € D and |z — ¢| < § implies by (1) that

[f(2)g(2) - flc)gle)l < M '2—;7""9@"2(1 +€lg(c)l)

Therefore, fg is continuous at c.
For k € R, h(z) = k is continuous on D, and so Af = kf is continuous

at c.
Since g is continuous at ¢, —g = (~1) - g is continuous at e. Hence,

f—g=f+(~g) is continuous at c.

From the hint,

h(z) = max{f(2),9(@)} = 5 [7(2) +9(a) +1£(2) - 9(a)]
and

k=) = min{f (@), 9(@)} = 5 [f(e) + 9(a) - |£(a) — g(@)]

Proposition 4.2 and Exercise 1 imply that both A and & are continuous
on D.

Continuity and Sequences

Let f: A—> Rand g : B — R with f(4) C B. Let c € A with f
continuous at ¢ and g continuous at f(c). Let (n),cy be a sequence
in A with £, — c¢. By Theorem 4.1, f(z5) — f(c). Since ( f(Zn))nen
is a sequence in B which converges to f(c), Theorem 4.1 implies that
g (f(zn)) = g(f(c)); and, therefore, go f is continuous at c.

For ¢ € Q, let (zn)nen be a sequence in R\ Q with z, — c. Then
f(@a) = 0% f(c). For c€ R\ Q, let (¥n)nen be 2 sequence in Q with
Yn — ¢. Then f(y.) — 1 # f(c). By Theorem 4.1, f is not continuous

at any c in R.

Draw a picture. To show: f is continuous at 0. Let £ > 0 and let
6 =¢. Let z € Rwith [z| = |z — 0] < §. Then [f(z) — f(0)| = [fl=)] <
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|z] < § =&, and so f is continuous at Q.

Let ¢ # 0. To show: f is discontinuous at c. For ¢ € Q, let (zn),en
be a sequence in R\ Q with z, — c. Then f(z,) — 0 # ¢ = f(c¢).
For ¢ € R\ Q, let (¥n),en be 2 sequence in Q with y, — c. Then
Flyn) = yn — ¢ # 0 = f(c). By Theorem 4.1, f is not continuous at

any ¢ # 0.

. Drawa picﬁure. To show: f is continuous at -1- Lete >0andletéd=e.

let x € R with :z:-—-;- < 8. Then f(:c)-—f(%) = f(:p)—% =

x—%l < 6 = ¢, and so f is continuous at -;'— (Note that for =z €
| 1 1_1 '

R\Q,f(m)—E—I z—2-—2-—z.)

Letc# L To show: fis discontinuous at c. For ¢ € Q, let (z5),cy be a
sequence in R\Q with z,, — c. Then f(z,) = 1~z — 1—c#c= f(c).
For ¢ € R\ Q, let (#2),en be a sequence in Q with g, — ¢. Then
flyn) =yn — ¢ #1—c= f(c). By Theorem 4.1, f is not continuous

at any ¢ # 3

. This is similar to Example 4.6. Let f(z) = cos (-i-) for  # 0. Let

1
= and y, = vn € N. Th 0 and t
5 20d 7o T n € en z, — 0 and y, — 0, bu

f(zn) =1 and f(ga) = 0¥ n € N. Since lim f(zn) # lim f(sn), f
cannot be continuously extended to 0.

Tp =

This is similar to Proposition 4.4. Let z € R\ Q and let (2y),cx be 2
sequence in Q with z, — z. Then f(z) = nling.o flzn) = nhrroxo c=c

1 [}
flz) =% is continuous on (0,1) and ;) is a Cauchy sequence

A (= =]

in (0,1). Since ( f (-1-)) = (n)p- is unbounded, ( f (l)) is
")) n=2 nJ) ] n=2

not Cauchy. (Uniform continuity (Section 4.5) is needed to guarantee

that the image of a Cauchy sequence is Cauchy.)

oo

Let (zn)nen be a sequence in (0,c0) NR \ Q with z, — 0. Then
f(zrn) = 0 # f(0), and so f is not continuous at 0.



